Abstract: The paper aims to present the insurance linked securities market behaviour, that has changed a lot the past three years, both in terms of structure and in terms of ceded risks. After having introduced some stylized facts characterizing the insurance linked securities we capture their market price of risk, following the methodologies of Wang (2004), Lane (2000) and Fermat Capital Management (2005). A dynamical study of the insurance linked ecurities is also provided in order to understand the elements driving the spreads: the consequences of the catastrophic events, the seasonality and the diversification effects between some different risks are highlighted.
Introduction
The insurance securitization has considerably changed for the past three years. This transformation affected not only the different structures allowing the risk transfer to the financial market but also the diversity of the traded risks or the volume of the transactions. Thus while during about ten years the securitization was mainly driven by the insurance linked securities, the insurance loss warranties, the catastrophe swaps or the contingent capital, some new products First of all it seems that the last years relaunched the need of capital capacity, which was already the reason of the birth of the insurance securitization in the 90's. So both the cedants and the investors were looking for new solutions to attract capital. Simultaneously these actors were trained in the securitization modalities, avantages and drawbacks through the first issues. In addition the market is also characterized by the issue of new types of risks. If initially only the sinistrality risks were transfered to the markets through the securitization, the sphere expands in two ways. Firstly the traditional ceded risks, like hurricanes or earthquakes, evolve because they concern other regions like Australia or Mexico and other risks, not only the catastrophic ones but also, for example, mortality. For example the vita risk is now ceded to the market. But it is still a sinistrality risk. Secondly the balance sheet risks are from now on ceded. That means that some cedents use the insurance linked securities in order to reduce their need of capital:
the Embedded Value, XXX or AXXX and motor securitization are some examples of this new kind of recourse to the market. Surprisingly the academic litterature about the insurance derivative market is quite limited.
A good survey is done in Mürmann (2001) . Among the different theoritical works we can for example cite Cummins and Geman (1993) , Geman and Yor (1997) , Aase (1999) and Christensen (1999) . In the heart of the underlying problems is the central question about how to treat with the incomplete market in the case of the insurance risks. More precisely in terms of insurance linked securities, both Tilley (1998) and Cox and Pedersen (2000) follow a methodology closed to Duffie and Singleton (1999) , developped for the defaultable corporate bonds. In terms of papers based on market data, the articles are quite limited too, but we can cite Lane and Movchan (1998) in the case of insurance options, or Bantwal and Kunreuther (1999) and Froot and Posner (2000) who study why the insurance linked securities were not so attractive for the investors, although they were characterized by a high yield spread. In other words they want to understand the different components of these spreads. In particular Froot and Posner (2000) test the consequence of the uncertainty on the spread level. It seems that any detailed halshs-00235354, version 1 -4 Feb 2008 academic analysis of the secondary markets of the insurance linked securities does not exist. For example the links between the insurance and reinsurance industry, the events which occur and the market are never presented. Moreover the main elements of the insurance linked securities valuation are not highlighted. In this paper we describe several models permitting to study the insurance linked securities market, fulfuilling a gap observed in the known litterature. From exhaustive datasets, we give information concerning the market price of risk and the insurance linked securities.
The paper is organized as follows. Section 2 presents some stylized fact we can observe in the secondary market. Section 3 develops three different methodologies which allow to capture an implicit market price of risk of the insurance linked securities (ILS). In Section 4, we provide some empirical results and Section 5 concludes.
Market behaviour
Since 2004 Swiss Re provides us weekly data concerning the bid and offer prices of some insurance linked securities issues and the corresponding discount rates, that we presents below. We define the discount rate like the rate which gives the bid and ask prices. Now, let P iO and P iB be the offer and bid prices of the insurance linked securities i, y iO and y iB the corresponding offer and bid spreads and r the risk-free rate. Then, we define:
with F j the paiement at time j at the bondholder -coupon and/or repayment of the principal -and T the maturity of the issue.
Practically the spreads appearing in (1) and (2) are expressed following an annual form. Thus, one needs to modify them in these previous formulae in order to correspond to the real discounting period. Moreover to obtain the exact price of the ILS, it it also necessary to take into account the cum dividend between the date at which the last coupon is paid and the observation date. The risk-free rate generally used is the Libor three months, because most of the insurance linked securities paid a coupon over Libor every quarter.
Considering on the one hand the bijective link between the prices and the spreads and on the other hand the traditional practices, we will only study the spread behaviour to characterize the 2 ILS. Moreover knowing that the difference between the offer and bid spreads is only due to the remuneration of the intermediary, we will only study the bid spread that we call "spread", and we denote it, from now, y it , for the issue i at timet.
On December 31st 2006 at least 72 issues are regularly traded on the market. We choose to aggregate their spreads by building an index whose modalities are the following:
• The index starts on January 1st 2004 with a value of 100.
• All the issues have the same weight. This means that their weight in the index does not depend on the amount issued.
• On January 1st 2004, all the spreads in the market have the same value, 100.
• At each date, every week, the index of each issue is adjusted, depending on the spread behavior.
• The index value of new issues is equal to the value of the market index, as if they were not introduced.
• The market index is the mean of all the indices.
Thus, the value of the index at time t for the issue i, I it , is given by the following expression:
with I 0 = 100. The value of the market index at time t is the mean of the values of the individual indices at this date:
with n t the number of traded issues at time t on the market.
Finally several spread analysis levels are possible: per issuer, intermediary, covered zone or risk traded. We study the spread behaviour in two ways. First of all we observe it on the global market . Then we analyse it following the traded risk. It is equivalent to consider the spreads risk per risk: for all the risks -European windstorm, hurricanes, Californian earthquakes, Japan Earthquakes, etc. -an index, similar with the previous one, is built. This analysis allows to capture the "underlying risk" as a decisive factor in the spread level.
The figure 1 shows the evolution of the market index I t since January 1st It is possible to distinguish three periods during the three last years. This analysis shows that three factors drive the spread behavior on the insurance linked securities secondary market:
• a common factor which allows to include in the model the influence of systematic risk like a catastrophe or a change in the investors' behaviour;
• a risk specific factor, which allows to take into account the specificity of each traded risk like the seasonality of the European windstorm or the hurricanes;
• and an issue specific factor. 6
The highlight of the covered risk as explanatory variable pushes to study the behaviour of the index of some risks. The figure 5 represents such an index. First of all, it allows to point out that three risks seem to drive the market: the US windstorm, the Californian eartquake and the European windstorm. Knowing that they correspond to the majority of the issues, the level of their spreads is driving the spreads of the market as a whole. Then following the index level of each risk, it appears that the spreads which have the bigger increase are those relative to the Californian earthquake with a long period during which the spreads are above 140. On the contrary the lower spreads are those of the issues covering the Pacific earthquake:
the diversification they represent in the portfolio could maybe explain this phenomenon. issue is relative to the European windstorm.
The periods previously identified appear more or less clearly, depending on the studied risk. (2005) and the model of Wang (2004) . We firstly present the different methodologies, then the models are estimated on the coupon at the issue in 2006 and the estimation will be done with the data of the secondary market. A discussion follows.
Analysis of the spreads components
The Lane Financial LLC model The Lane Financial LFLLC model (Lane (2000) , Lane (2003) and Lane and Beckwith (2003) ), is the first model which has been developped to understand the behaviour of the cat. bonds' market. It is the unique model which tries to link the obtained results on the cat. bonds markets and those obtained on the reinsurance market. This model can be presented as follows:
where: Y i is the spread over the risk-free rate of the issue i; X i is the expected loss;
V i is the Probability of First Dollar Loss, PFL;
Z i is the Conditional Expected Loss, CEL; θ = (α, β, γ) is a vector of "shape parameters".
This model assumes that the main determinant of the spread is the expected loss:
Knowing that X i = V i ×Z i , the equation (5) In order to take into account the presence of heteroscedasticity we consider an extension of the model (5) in the following way:
where ξ is a strong white noise and
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In order to apply this model on our datasets, the parameters are estimated using least squares method.
The Fermat Capital Management model Starting from the observation that the insurance linked securities offer a very high expected return compared to the other assets, Fermat Capital Management develops another model assuming that the Sharpe analysis built in the financial market is not relevant for these assets. So the traditional analysis in terms of (α, β) have been replaced by an analysis in terms of (α exotic , β exotic ), where exotic stands for the insurance linked securities market. In other words the traditional functional form
where: E(R i ) is the expected return of the stock i, M P R i is the financial market price of risk, is transformed into a Catastrophe Asset Pricing Model, which considers the Rate on Line of the insurance linked security i in the following form:
where: Y i is the Rate on Line or, more commonly, the spread, X i is the expected Loss,
, with m i the weight of the risk covered by the issue i,
λ is the Sharpe Ratio, according to Fermat Capital Management.
In other words (α exotic , β exotic ) are determinated in a referential which allows to take into account the specificities of the insurance linked securities market with the form of M P R i . The introduction of m i allows to capture the diversification phenomenon on the market through the model and corresponds to the rank of the risk covered by the issue i in this classification. For example, the Florida hurricanes are certainly the more important risk in terms of insurance exposure: so, m i equals 1 for the issues covering this risk. If the European windstorm is the sixth exposure, m i equals 6. Hence, the higher is m i , the higher will be the market price of risk.
Knowing that the expected loss is not reliable to the weight of the risk, the model assumes that the higher is the exposure of the industry to a risk, the higher will be the expected return of an issue covering this risk.
In order to take into account the heteroscedasticity, the model (9) is transformed as: 9 halshs-00235354, version 1 -4 Feb 2008
where (ν i ) is a sequence of independant and identically distributed variables. The least squares methodology is also used to estimate the parameters.
The Wang (2004) model is based on a methodology which allows to price reinsurance layers.
Let L be a random underlying loss variable and L (a;a+h] a variable corresponding to a layer with limit h and attachment point a. Then:
The expected loss of the layer is equal to the area under the loss exceedance curve. If
The layer price often contains a risk load in addition to the expected loss. Wang (2004) uses the probability transforms to extend the concept of the Sharpe ratio to the asymetric distributions and to valuate the risk adjusted performance of the insurance linked securities. Then, he defines:
where Φ represents the standard normal cumulative distribution, λ is a direct extension of the Sharpe ratio, the mean value under X ⋆ (l) defines a risk-adjusted "fair-value" of the ILS.
Moreover, to incorporate the parameter uncertainty and the behaviour of greed and fear, he suggests to use in the relationship (12) a Student-t distribution in place of Φ:
where Q is a Student-t distribution with degree of freedom k. The model is estimated with the traditional maximum likelihood estimation methodology.
Some empirical results

Determination of the market price of risk, at the issue
In this section, we apply the previous models on some datasets and compare their performance.
We observe X 1 , . . . , X N , V 1 , . . . , V N , Z 1 , . . . , Z N and Y 1 , . . . , Y N , representing respectively the expected loss, the probability of the first dollar loss, the conditional expected loss and the spreads of the N issues. Considering the fact that Katrina transformed durably the market, The figure 3 provides the observed and estimated spreads with the three models. We note that the three models are able to capture the spreads in the primary market: all the estimated coupons are more or less closed to the real coupons. Moreover the models highlight the common factor which drive the market price of risk. Indeed, when a model sub or over estimates the coupon, we observe the same fact for the other models. Spreads   27  38  39  47  48  49  53  56  57  58  64  65  107  108  109  110  111  114  115  121  123  129  130  131  132  133  134  135  136  137  138  139  140  141  142  143  144  145  146  147  148  149  150  151  152  153  154  155  156  157  158  159  160 
Bonds
Temporal analysis
Analysis of the market as a whole
We adapt now the previous models to the secondary market. Until now we dit not consider any particular form of the dependency between the spreads. Nevertheless the spread of each issue can be driven by its previous level and some risks (like the US hurricanes) can drive the market as a whole. We introduce inside the previous models some dynamics depending on time using an AR(p) process.
The Wang model becomes:
where Y it is the spread of the issue i at time t on the secondary market, Q has a Student-t distribution with k t degrees of freedom, X i is the expected loss of the issue i, λ t is the Sharpe ratio at time t, t = 1, . . . , T . The study is conducted between January 1st 2004 and December 31st 2006, the process (u it ) is an AR(p) process such that E(u it ) =ū t , ν it is a Gaussian white noise N (0, σ 2 ).
In the same way, the Lane Financial model becomes:
where Y it is the spread of the issue i at time t on the secondary market, V i and Z i are respectively the probability of first loss and the conditional expected loss, the process (ǫ it ) is an AR(p) process such that E(ǫ it ) =ǭ t , and ω it is a Gaussian white noise N (0, σ 2 ).
Lastly, in the case of the Fermat Capital Management model, we have:
with Y it the spread of the issue i at time t on the secondary market, λ t the Sharpe ratio at time t, m i is the weight of the risk traded by the issue i, the process (ξ it ) is an AR(p) process such that E(ξ it ) =ξ t and ϑ it is a Gaussian white noise N (0, σ 2 ).
We do not assume a particular form for the variance-covariance matrices at first but, we estimate the temporal Lane Financial and Fermat Capital Management models using the seemingly unrelated regressions (SUR) procedure to improve estimation efficiency by allowing for cross equations correlations among the regression error terms. The temporal Wang model is estimated by a repetition of maximum likelihood estimations date after date.
In order to take into account the issues which appear regularly in the secondary market, it is not possible to conduct only one analysis between January 1st 2004 and December 31st 2004. So the sample of issues allowing the estimation of the different models is actualised every four months.
13
halshs-00235354, version 1 -4 Feb 2008
We assume that this delay allows to extract some elements of the form of the dependence both in time and between different issues.
Parameters evolution
The figure 4(a) shows the evolution of the Wang parameters' model. If we exclude the very high volatility of the parameters, the graph highlights the close evolution of the two parameters. This close evolution between the market price of risk and the number of degrees of freedom means that this last model is irrelevant to show that the lower is the uncertainty (characterized here by k), the greater is the risk premium (characterized here by λ). Thus it seems that the Wang we often have q > p, indicating a growth of the dependence of the spreads between the present time and the past. We can also assume that Φ 2 1 increases between May 1st 2005 and May 1st 2006 but the trend is not very clear. We can interpret these results in two ways. First of all they can highlight the fact that the market is characterized by non maturity because the last event drives the market without considering the previous ones. Second we can assume that the market is very mature in the sense that the prices reveal all the information.
Analysis Risk per Risk
The previous analysis is also done for the following issues : issues covering the US Wind (W-US), European Wind (W-EUR), US wind and earthquakes (W,Q-US) and Californian earthquakes (Q-CA). The results are given in Table 6 . They are quite similar to those obtained for the whole market. The parameters α and β correspond to structural parameters, specially for W,Q-US and W-EUR (risks which are driving the market behaviour), whereas γ and λ capture the conjonctural movements of the market. More precisely this analysis illustrates the diversification effect included in the required return, through the value of λ. In figure 6 , it appears that λ is 15
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higher for the mortality risk and lower for US windstorm. But if we consider not only λ but the vector (λ, β), here β incorporates the weight of the exposure. It appears that the market price of risk is higher for US hurricanes, which is the highest exposure of the insurance industry.
Concerning the Lane Financial model parameters, we note that α has quite the same value whatever the risk but it is more volatile for the Californian earthquake or the mortality risk. It appears difficult to interpret the value of β, specifically for the Mortality risk.
Conclusion
The recourse to the insurance linked securities has considerably changed for the past two years and the spreads reflect this evolution. In this paper we highlight both a structural component, The following table summaries the main statistics relative to the ln(γ) parameter of the Lane Financial model: 
